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AERONAUTIC  SYMBOLS 

1.  FUNDAMENTAL  AND  DERIVED  UNITS 


Metric 

English 

Symbol 

Unit 

Abbrevia¬ 

tion 

Unit 

Abbreviation 

1 

t  \ 

in  dor  - . 

m 

1  s 

foot  (or  mile)  ..  _ 

ft  (or  mi) 

- 

T'l'lfno 

seoojid .  _  ...  - 

second  (or  hour) _ 

sec  (or  hr) 

Force _ 

F  j 

weidit  of  1  kiiot^ram _ 

1  kg 

1 

wciglit  of  1  pound . 

lb 

Power _ 

P  1 

horsepower  niietric).. _ 

I  1/  i  1  ru  n  C'l  # ^  r  i/'M'*  }  i  n  m  V 

!  kpli 

!  mps 

horsepower _ 

miles  per  hour _ 

hp 

mph 

fps 

Speed _ 

[  - 

V 

I 

1C'  ^  \  livnii - — 

\meters  {icr '^ocorid. .  — 

feet  per  second -  . 

W 

9 

m 

I 

M 

S 

G 

b 

c 

A 

r 

9 


L 


D 


D, 


D, 

C 


2.  GENERAL  SYMBOLS 


W  vrg 

Standard  accoleration  of  gravity ~9.80G65  m/s^ 
or  ;>2.174()  ft/aoc- 

Mass  ■■ 

[I 

Momrnt  of  inertia  -  m/r-.  (Indicat  e  axis  of 
radius  of  gyration  /:  by  proper  sul)script.) 
Coeilicicnt  of  viscosity 


u  Kinematic  viscosity 

p  Density  (mass  per  unit  volume) 

Standard  density  of  dry  air,  0.12497  kg-m”^-s^  at  15°  C 
and  760  mm;  or  0.002378  sec^ 

Specific  weight  of  “standard’ '  air,  1.2255  kg/m^  or 
0.07651  Ib/cu  ft 


3.  AERODYNAMIC  SYMBOLS 


Area. 

Ar(‘ii  of  wing 

(lap 

Span 

(diord 


/Aspect.  r:iti!>, 

Trih'  air  speed 
Dynamii’  ])rcssnre,  .-^pl  “ 

■  r 

Idft,  absolute  coelficient 

D 

^qS 


I)rn<j:,  absoluie  coefficienl. 


Protile  drag,  absolute  cocificiimt 
Induced  drag,  absolute  coolnciont 
Parn.sit.i‘  drag,  absolute  eoellicient  ^ 


C 


Cross-wind  force,  absolute  co'.fiicient  Gc~~ ^ 


i,jo  Angle  of  set  ting  of  wings  (relative  to  thrust  line) 

11  Anglo  of  stabilizer  setting  (relative  to  thrust 

line) 

()  Resultant  moment 

12  Resultant  angular  velocity 

LI  Reynolds  number,  p —  where  Hs  a  linear  dimen- 

'  M 

sioii  (e.g.,  for  an  airfoil  of  1.0  ft  chord,  100 
mph,  standard  pressure  at  15°  C,  the  coiTe- 
sponding  Reynolds  number  is  935,400;  or  for 
an  airfoil  of  1.0  m  chord,  100  mps,  the  coiTe- 
spouding  Reynolds  number  is  6,865,000) 
a.  Angle  of  attack 

e  Angle  of  down\vash 

an  Angle  of  attack,  infinite  aspect  ratio 

ai  Angle  of  attack,  induced 

Angle  of  attack,  absolute  (measured  from  zero- 
lift  position) 

7  Flight-path  angle 
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THE  REVERSIBILITY  THEOREIM  FOR  THIN  AIRFOILS  IN  SUBSONIC  AND  SUPERSONIC  FLOW 

]iy  Clinton  K.  Brown 


SUMMARY 

.1  nHfItod  introduced  by  Munir  is  extended  to  prove  that  the 
liff-curre  slope  of  thin,  udnys  in  either  subsonic  or  supersonic 
flow  is  the  same  when  the  direction  of  jlUjht  of  the  winy  Is 
reversed.  Jf  Is  also  shown  that  the  winy  reversal  does  not  chanye 
the  thickness  dray,  daniplny-ln-roU  parameter  or  the 

damplny-in-pdch  parameter 

INTRODUCTION 

The  pivsiMil  report  makes  iis(‘  of  and  exOauls  a  i)a])er  hy 
Munk  (refereiuv  1)  in  which  sim])le  dynamic  concepts  arc 
used  to  ])rove  that  the  lift-curv(‘  slojH'  and  tliickness  dratr  oi 
supersonic  airfoils  with  supci-sonic  cd<rcs  ar(‘  the  same  when 
the  airfoil  is  flown  in  a  reversed  direction.  This  extension 
of  Munk’s  work  provides  a  proof  that  the  thickness  dra^, 
lift-curve  slo])e.  dam])ing  in  roll,  and  the  (hunpinc^-in-i)itch 
parameter  (\„  remain  the  sanu’  wluui  any  airfoil  orsystiun 
of  airfoils  is  n^'crsed  in  both  subsonic  and  supersonic  flow. 
The  theorem  applies  to  cases  in  wliich  the  trailin^-tal^^e 
velocities  are  finite;  no  restrictions  arc  ])la(‘ed  on  plan  form. 

Tlie  revcM-sihility  theorem  for  drajr  was  first  obtained  hy 
different  methods  hy  \  on  Karman  (r(‘f(‘r(‘nc(‘  2).  Ilayt's  has 
tn'ati'd  th(‘  lifliniz;  case  for  a  ri'stricAed  serii's  ot  wing*  typi's 
at  supersonic  speeds.  (See  references  d  and  4.)  Harmon 
(refenuice  5)  has  extensively  triaiti'd  the  stability  derivatives 
for  a  restricted  p'ou])  of  ])lan  forms  at  sipx'rsonic  spirals. 

PROOF 

Under  the  assumptions  of  the  linearized  potential-flow 
theory,  it  becomes  possible  to  obtain  a  c'l’tad.  simplification 
of  subsonic  and  supersonic  liftinc'-surface  problems.  The 
use  of  the  limair  eipiations  of  motion  allows  the  iioimdary 
conditions  on  a  lifting  surface  to  1)(‘  satisfied  on  a  plane  luair 
the  wimr  surfac(‘  and  [X'rmits  the  use  of  the  sujX'i position 
priiici])h‘.  Uonsichu-  a  s(‘t  of  Cartesian  coordinates  x,y,z  in 
which  th(‘  x-axis  is  taken  in  the  fli.irht  direction  and  tlie 
r-axis.  in  the  vt'rtical  direction.  The  lioundary  conditions 
l)(‘com(‘  a  stipulation  of  tlie  viu’tical-vidocity  distriliut ion 
<)V(‘r  tlu'  proj(‘etion  of  tlie  win^  surface  on  the  x?/-[)lan(‘.  As 
a  ri'sult  of  this  sim])lification,  the  t'lhads  of  camheu-,  twist. 
an<;le  of  attack,  and  thickness  may  l)(‘  treated  si'parately. 

For  th(‘  eonipl(‘t(‘  eomprehension  of  the  analysis  to  Jollow, 
it  is  ma-essary  to  umha’staud  the  manner  in  which  drag 
ultimately  apiiears  in  the  flow  fi(‘ld.  Two  distinct  forms  of 
drag  inav  hi'  found:  one  associati'd  with  a  trailing  vorti'x 
.system,  the  otlier  with  the  production  of  wavx's.  in  the  case 


■  of  a  vorti'X  wake,  the  drag  shows  up  in  thi'  wake  a  gri'at 
distance  downsti*(‘am  in  tlii'  form  of  a  pressui-(‘  d(4(‘ct.  which, 
wh(‘n  int(‘grat('d  over  a  plane  normal  to  tlu'  flight  jiatli, 
yii'lds  till'  drag.  44iis  result-  is  identical  with  that  of  iiu'om- 
])r('ssii)l('  flow.  The  drag  jiroduci'd  hy  wavi'  formation  shows 
up  in  the  fi(4d  as  a  comhini'd  momi'iitum  and  jiressure  defi'ct ; 
of  coursi',  till'  thin-a.irfoiI  tlu'ory  pri'diets  a  wave  drag  only 
at  supi'rsonii’  spi'i'ds.  In  all  casi's,  the  total  ri'sistanco  may 
he  obtained  hy  inti'grating  tlu'  monu'nlum  (rans[)ort  across 
the  sidi's  of  a  box  enclosing  tin'  wing.  It  is  often  eonvi'iiient 
to  place  till'  siiles  of  the  box  at  infinity  and  allow  thi'  top  and 
bottom  to  a[)j)roach  thi'  iilane  o(  the  wing.  44iis  ])roc<*ss 
j  vii'lds  for  till'  drag 


where  p  is  the  stri'ain  diuisity,  0  is  the  disturbance  potential, 
and  till'  integration  taken  oviu*  both  ujipi'i*  and  lower  sides 
(‘xti'iids  to  infinity.  Xoti'  that  the  drag  is  independent  of 
till'  main  stri'ain  diri'ction  but  d(‘|)(‘nds  only  on  the  disturb- 
anci'  poti'iitial  </>.  In  the  usual  prohli'ins,  singularit ies  occur 
on  the  wing  hauling  ('dges  and  cari'  must  Ix'  taken  with  the 
integration  if  the  ([uantities  in  the  inti'grand  of  (‘((uation  (1) 
are  evaiuati'd  on  thi'  x//-plane.  Xeglect  of  the  singular 
behavior  h’ads  to  the  omission  of  the  leading-edge  suction 
forces.  I"or  additional  information  on  the.  fundamentals  of 
the  linear  thi'ory,  see  references  2  and  l». 

Thickness  drag.-  (’onsider  a  symmetrical  airfoil  at  zero 
angle  of  attack.  The  potential  of  thi'  flow  may  he  expressed 
as 

(-) 

where  U  is  the  stream  vi'locity  and  is  thi'  disturbance 
potential  which  satisfies  the  boundary  condition 


dz 


where  M  fb^‘  airfoil  surface  slope. 
(lx 


In  addition,  the  ])olen- 

tial  must  satisfy  thi^  usual  conditions  for  pliysical  flows  such 
as  the  vanishing  of  thi'  perturbation  velocities  at  infinity  for 
subsonic  flow  and  undisturbed  flow  ahead  of  the  foremost 
.Mach  waves  in  supersonic  flow.  Assumi'  the  main  flow 
direction  to  be  I'cversed.  d’he  lU'w  potential  would  result: 


(I) 
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liEPOUr  'JSO  XA'noXAL  ADN'ISOltV  COMMl'l 'I'KI':  lA  HI  A  lOHOX  A  I'l'K’S 


rlicn'  (p'2  salisfi(‘s  tlu.‘  condition 


1  /  C)0i2\ 

r  V  0,:  A 


Bv  siii)('r[)osin^  tlio  solutions  d>,  aiul  0:  a  iuav 
Cornu'd; 


|)ol(‘ni  iai 


\\li(M-(‘  I‘  is  lh(‘  ('oin[)oni'n{  |)jirall('l  in  tlu'  sur-ract'  of  th(‘  r(‘- 
suitanl  lorccx  usually  known  in  liiu'ar  iIk'oi  v  as  llu'  kaadin^- 
(‘d<i(‘  suction  lorcc,  and  L  is  llu'  lilt  lort'c. 

As  in  the  dray  ease,  tiu'  r(A  ('rs(‘d-s!  r(‘ani  \'(‘Iocity  produces 
1  li{‘  potential 

\  A-koj  (10) 


Siicli  a  sl(‘p  is  (piit('  p(‘rmissil)l(‘  inasmuch  as  tJu*  dillerential  i 
(‘(piation  yove'rniny  the  Hows  is  indepcauh'ut  oi'  lh(‘  siyn  of  tlu'  ■ 

stream  vedocuty.  1  ht‘  \('i‘tical  vadocity^  c)- }  l)econu‘s  i 

zero  and  (iius  a  houndary  condition  for  a  pkit(‘  of  ze'i’o 
thickness  is  satisfie'd.  Inasmuch  as  tinue'  are  no  infinite' 
induce'el  ve'Iocit ie's  at  the'  edye'S  ed'  the'  re'sidtant  winy  and 
(herefe)re'  ne)  e'dye  force's,  the*  lial  plate'  can  produce'  no  chanye's 
in  stream  me)me‘utum;  he'iice',  the'  mome'iitum  or  ])re'ssure‘ 
dedVets  a  yinat  distanea'  elownstre’am  in  the'  fle)w  must  he' 
e'epial  te>  those'  upstre'am.  Any  mome'iitum  eir  })re'ssure  ele- 
fe'e'ts  at  infinity  upstre'am  arise'  fremi  the'  rcve'rse'el  airleiil 
pote'iitiah  anel  the  meime'ntum  or  pre'ssure'  eh'lVeds  a  yreat  I 
eiistane'e'  elownstre'am  arise'  emiy  fremi  the'  oriyinal  airloil  j 
jiotential.  Sine-e'  t he  dray  eif  e'ae-h  a irfoil  is  e'epial  te)  the  me)- 
.mentum  eir  pre'ssure'  eh'lee-ts  in  its  wake',  the'  eiray  of  the  two 
airfoils  must  lU'e'essarily  ix'  e'epial.  It  is  we'll  kimwn  that  tiie* 
eiray  of  symrne'trie’al  heielie's  in  suiisonie*  peite'iitial  fle)w  is 
zere>;  he'iua'.  the  re've'rsihility  eif  eiray  is  most  pe'rtiiu'iit  te)  i 
siipersonie*  flows.  The  pree-e'eliny  proe)f  anel  dise-ussion  fe)I- 
lows  e'sseiitially  that  of  Munk  (re'ferene'e'  1). 

Lift-curve  slope. —  Inasmuch  as  the  lift-e'urve'  slope*  e>f  a 
winy  is  indepe'ueh'iit  e)f  camlx'r  ane!  twist,  it  is  sufliede'iit  te) 
treat  a  flat-plate  airfeiil  at  an  anyle' of  attae'k  a.  Tnlike'  the' 
svmnu'trical-elray  case',  heiwe've'r,  a  ea'rtain  inde'te'rminae*y 
e'.xists  in  the'  pote'iitial  whe'iu've'r  suhsonie-  ti‘ailiny  e'elye's  are* 
j)re'sent.  Suhsonie'  e'elye's  eie-e-ur  wlu'ii  the*  e'om[)one'Jit  e)f 
stream  ve'loe'ity  normal  te)  the  e'elye  is  suhsemie*.  Jn  eirele'i*  te) 
I’cmove'  this  ineh'te'rminacy  it  is  ne'e'e'ssary  tei  spe'e-ify  the'cireuda- 
tion.  ddie  use  e)f  the*  Kutta  e'emditiein  is  an  appreipriate*  means 
feu'  this  prex'i'ss  he'cause*,  in  e'Hect,  an  aehlitieinal  hemndary 
e*e)nelitie)n  is  impe)se'el.  d1iis  re'epiire'ine'nt ,  that  the  ve'loe'ities 
at  the*  trailiny  ('dye*  he*  finite*,  is  ineh'e'd  a  j)liysie'al  ce)nelitie)n 
arisiny  fi’om  the  fae*t  that  the*  hounelary  laye'r,  always 
pre'se'iit  at  trailiny  e'elye's,  weudel  se'jiarate*  fremi  the  e'elye*  rathe*!' 
than  ae'e‘e)mme)elate^  the*  hiyli  aelve'rse'  ae'ex'le'rat ieins  aroimel  the* 
I'elye.  It  is  e'xae'tly  the*  Kutta  e*e)nditie)n  whie-h  h'aels  le)  uniepie' 
seilutions  anel  which  is  ne'e*e‘ssary  te>  preive*  the  rove'i'sihility 
t  hi'eu'e'in. 

d'he  pote'iitial  of  the'  flat-plate*  airfeiil  may  now  he*  wrilte*n: 

d’l—  r.;:-h0i  (7) 

whi're  (pi  is  the*  eiisturhane'e*  pe)te'ntial  satisfyiriy  the*  e-eine!  it  ions  i 
that  tlie*  trailiny-e'dye'  ve'loedt ie's  are*  finite*  anel  the  hemnelai-y  i 
e’onelitie)!!  | 


The  e.lray  of  the  winy  e‘an  he  writte'ii: 

/J,  —  Lia — /'i 


whe'j’e'  0j  satisfie's  the*  Kutta  conditiem  anel  (!u*  hemnelai'V 
eeellel  it  ion 


d’he  di-ay  is  neiw 


Ua-r 


ddu'  siipe'rpeisil  ion  of  the*  pote'iitial  0j  on  Tj  re'sidts  in  the*  fleiw 
e)V('r  a  flat  plate*  e)f  ze'i'o  anyle*  of  attack. 

The  eiray  ed’  tlie^  e-omhine'e!  airfeiils  is  now 


preivieh'el  tin*  superpeisit iem  has  ne)t  e'hanye'el  the  leaeliny-e'eiye 
sueUion  feu'e'es  Fi  anel  /A  Tliese*  sue‘tie)n  lore-es  liave>  hee'n 
she)wn  (I'e'fe're'nex's  7  to  h)  to  he*  eh'pe'nde'iit  on  the*  asympteit ie- 
elistril)ut  ie)n  e)f  veirticity  as  the*  e'elye  is  appreiae'heel ;  suediem 
fore*e‘s  are*  ohtaiiu'el  only  whe'ii  the  veirte'X  stre'iiyth  ap])roae‘he's 
infinity  at  the^  e'elye,  this  conelition  corres])oneliny  to  infinite 
npwasii  ve'loe'ity  aroimel  the  e'dye.  Inasmue'h  us  the  super¬ 
position  of  a  se)hition  liuviny  finite'-e'dye  ve'locities  eloes  ne)l 
alte'r  tlie*  asyinptotie'  strenytli  eif  tlu*  sinyularitie's  at  the  eelye, 
it  feillows  that  the  e'dye  fore'e's  will  he  unclianyed  by  the 
su|)er()e)si(  ie)n. 

AMien  a  Jiiemientum  balance  in  the  stre'um  is  fornu'd,  the* 
u})sti'eam  mome'iitum  anel  |)re\ssure  defects  in  the  combined- 
airfoil  e'ase  eliffer  from  the  de)wnstre'am  momentum  anel 
[iressure'  eh'lee'ts  by  the  eiilfere'ne'e  in  the  sue'tion  feirce's  I)^. 
The  upstre'ani  memie'ntum  and  pi-e'ssure  eh'fects  arc,  howe've'r. 
e'epial  to  w  lu're'as  those*  downstream  are  equal  to  /A. 
Tlu're'feu'e*, 

/A-M-ZA-A’i  (1 4) 

e)r  from  eepiations  (h)  and  (1 2) 

(l^) 

The*  lifts  Li  and  JHv  eepial  and,  tlu're'fore,  the  lift-curve* 
slope's  are  e'epial.  Obviously,  the  lift-curve*  slopes  of  cambe're'el 
and  twiste'el  winys  aie*  also  unedianyed  whe'ii  the  airfoil  is  re- 
verseel.  It  is  impoi'lant  to  note  that  tiie  elrays  arc  not  eepial 
unless  the  suction  feire'e'S  are'  ze'ro  or  cance*!. 

Jn  relereiie'e'  4,  the  e'one'Iiision  is  reaclieel  that  the  lift 
tlieoremi  eaninot  be;  a  yene;rai  one;  however,  it  ap])eai's  that 
this  conchisie)!!  was  eh'diiced  from  an  e*fpiation  of  insuflicient 
yenerality.  Inelet'el,  the  analysis  of  the*  present  re[)ort  siiows 
the  lift  theorem  to  a[)ply  te)  all  plan  forms  so  lony  as  the 
Kutta  condition  is  applieel  to  subsonic  trailiny  edyes. 

Damping  in  roll.-  -The  proof  for  the  reversibility  of  elamp- 
ing  in  roll  proeeeels  in  the  same  manner  as  that  for  tlie  lift. 
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'Vhc.  rolIiiiL^  nionuMU  of  tli(‘  lliiii  wins:  iiuiy  Ix'  (‘x1)itss(mI  as 
follows: 


wluMT  A/;  is  lii(‘  [)itssiii-(‘  (lifrc’naua'  I)(‘(w(M'ii  tli(‘  ui)})t'i’  and 
lower  surface  and  X  is  lh(‘  win^^  area. 

'\'\w  <lraix  of  tli(‘  liiuairiy  Iwislia!  witiir  us(‘d  lo  r('|)r(‘S(‘nt 
I  he  roiliiiLT  liat  [)lat(‘  is 


II(Mic(‘,  (h(‘  di-a.<r  niay  Ix'  (cxprt'ssed  from  e(|ualions  (2lM  to  (24) 
as  follows: 

05) 

P(‘rloi’inin,<r  the  superposition  of  r(‘\'(‘rs(‘d  [)ol(‘ntial  and  oriiri- 
iiai  potentials  yields  an  airfoil  of  Z(‘ro  an^dt*  ol  attack;  th(‘ 
moiiKUitum  l)alan(‘(‘,  as  foi*  tlu'sU'ady  rollin^M*as(‘,  caneids  the 
suction  force's  to  haive': 


/>- 


Apio  (IS—  F\ 


(IT) 


\f  ^l...  \f  ., 

yMv 


(2()) 


4'lu'  dray  may  Ix'  ('xpri'ssi'd  as  a  function  of  tin'  rolliny  mo¬ 
ment  inasmuch  as  cv  wln're  p  is  the'  anyular  ve'locity  in 
roll.  For  the  twisti'd  winy, 

/>,=|4:  (IS) 

ddu'  dray  of  the  reverse'd  airfoil  is  tlu'n 

(10) 

Supi'rposiny  the'  disturhanci'  potential  of  the  n've'rsed  airfoil 
ayain  (“ancels  the  winy  slopes,  and  the  n'sultiny  momentum 
chanye'  at  the  combined  airfoils  Ix'comes 

D,^F,-F,  (20) 

Estahlishiny  the  conservation  of  momentum  in  the  flow,  as 
was  done  for  tlie  liftiny  case,  yives  (lur  n'sult: 


d'lu'  pitcinny  moments  of  tlu'  two  aii'loils  are  tlu'  same  and, 
therefore',  the' dampiny-in-pitch  parame'te'r  is  unehanyed 
i)y  a  re've'rsal  of  the'  winy. 

OIStTISSION 

Inasmuedi  as  the'  analysis  pre'se'iUeel  is  unre'st riete'd  as  to 
plan  fortu,  it  follows  that  any  system  of  airfoils  will  obew 
the'  revei‘sil)ility  tlu'orem;  this  de)e's  ne)t  allow  for  the  reve'rsal 
of  the  inelividual  airfoils  but  e)nly  for  tiie  re've'rsal  of  the 
complete  system.  Inele'e'el,  the'  same  re'sult  ]ie)lds  for  yroups 
of  airfoils  in  elifferent  horizontal  plane's,  provieled  the'  bound¬ 
ary  conelitions  for  e'ach  winy  are;  satisfie'el  in  the'  i)iane  of  the 
winy,  ft  shoulel  be  notie'e'el  that  the  pitchiny-momeiit 
coellicie'iLts,  lift  coefficients  elue  to  i)itcldny,  and  the  e'e)nstants 
arising  from  e-ambe'r  suedi  as  are  not  generally  the; 

same  when  the  wing  is  reversed. 
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T  '  T  • 

U  -y  U 


(2  1) 


d'herefeire',  the  I'olliny  mome'iit  fe)r  the  re'versed  airfoil  is  (he 
same  as  that  e)f  the  unreve'rsed  airfoil.  It  follows  then  that 
the  rolliny-morne'i  t  ele'rivativc  for  any  winy  is  une*lianyed 
by  I'e versa  1. 

Steady  pitching  moment.^ — The  pitching  moment  of  a  winy 
uneleryoiny  a  ste'aely  pitching  ve'Iocity  e/  abe)ut  tlu'  point 
To  may  be  written 

.u=  |^(j--x„)A7k/.V  Ci'i) 


where  is  tiu'  n'fe're'iie'e  point  about  which  monu'iits  are 
take'll.  The  dray  of  (he  cambere*d-winy  surface  re'pre'sent iny 
the  steady  |)itcliiny  motion  is 

/>=  I  (•->:!) 

and  (lie  local  aiifrlc  ol'  attack  for  such  a  wing  is 


a 


i:  — Jo 
=  2  -t-- 


(24) 
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1  hp=76.C-i  kg-m/s=550  ft-lb/sec 
1  metric  horsepowcr=0.9863  hp 
1  mph=0.4470  mps 
1  mps=2.2369  mph 


1  lb=0.4536  kg 
1  kg=2.2046  lb 
1  mi=l, 609.35  m=5,280  ft 
1  m=3.2808  ft 


